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Abstract
We propose a Boundary Conformal Field Theory description of hole states in
the c = 1 matrix model.
Recently McGreevy and Verlinde [1] showed that unstable branes play a crucial role
in the understanding of the duality between c = 1 matrix model and 2-d string theory
(for reviews see e.g. [2, 3]). They suggested that the matrix should be directly identified
with the open string tachyon field living on a large number of unstable branes of the 2-d
string theory. This proposal was made very precise in [4] (see also [5, 6, 7]) where it was
shown that Sen’s rolling tachyon BCFT [8] (tensored with the unstable Liouville brane of
[9]) is dual to a single matrix model eigenvalue excited above the Fermi surface. These
encouraging results raise the question [10]: is there a class of (time dependent) BCFTs
which describes the holes in the c = 1 matrix model?
If the duality between the c = 1 matrix model and 2-d string is correct the answer
must be in the affirmative: holes are excitations with positive energy that should have a
dual description in the 2-d string theory. Worries about the non-perturbative definition of
the theory (related to eigenvalues tunnelling to the unfilled side of the potential) should
be even less relevant for the holes, which are below the Fermi surface. We should expect
to find a family of exact BCFTs giving a classical description of the possible trajectories
of the hole [10].
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The aim of this short note is to answer this question. Our starting point is Sen’s exactly
marginal boundary deformation that describes the creation and decay of an unstable brane
[8],
λ
∫
dt cosh(t) . (1)
The boundary state associated with this deformation is characterized by a time dependent
function
f(t) =
1
1 + et sin(piλ)
+
1
1 + e−t sin(piλ)
− 1 . (2)
The space-time interpretation is that of incoming closed strings focusing to form a D-brane
at a time t ∼ −τ , which then decays back into closed strings at t ∼ +τ , with
τ = − log(sin(piλ)). (3)
The energy of this solution is
T00 = Tp cos
2(piλ), (4)
where Tp is the D-brane tension, which in the context of the matrix model is identified
with the cosmological constant µ. Note that for λ = 1
2
both the energy and lifetime
vanish. This special point, that was studied in some detail in [11, 12, 13] in the critical
string case, corresponds in the matrix model to an excitation right at the Fermi surface.
So this seems like the natural starting point. Going above the Fermi surface (i.e., creating
an eigenvalue that goes up the potential and then rolls down) corresponds to
λ =
1
2
+ β , β ∈ R . (5)
The sign of β does not affect any physical quantity. Indeed the full boundary state is
defined by analytic functions of (λ − 1
2
)2. A simple way to see this is to Wick rotate
back to the Euclidean BCFT [14, 15] with boundary deformation λ cos(X). At λ = 1
2
,
this BCFT describes an array of D-branes and the operator cos(X) is associated with
open strings streched between neighboring branes; hence an even number of insertions of
cos(X) is needed to obtain non-vanishing disk amplitudes.
Note that the time delay, 2τ , between the incoming and outgoing closed string radia-
tion is positive. In the context of the matrix model the value of τ is in precise agreement
with the time delay of a classical trajectory of energy (4) with respect to the trajectory
at the Fermi level [4].
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If the deformation (5) corresponds to going above the Fermi surface, then by continuity
one might suspect that the deformation corresponding to going below the Fermi surface
is (
1
2
+ iα
) ∫
dt cosh(t) , α ∈ R . (6)
This may at first look like an implausible attempt since this is a complex deformation of
the worldsheet action. However, as remarked above, the boundary state is a function of
(λ− 1
2
)2, and is thus real.
For example, f(t), that fixes the closed string ”tachyon” in the 2-d case and many of
the closed strings fields in the critical string case, is real,
f(t) =
1
1 + et cosh(piα)
+
1
1 + e−t cosh(piα)
− 1 . (7)
The time delay and energy are
τ = − log(cosh(piα)) , T00 = −µ sinh
2(piα) . (8)
Note that both are negative. We would like to argue that this is precisely as it should
be. We claim that the boundary state with deformation (6) corresponds to the classical
trajectory of an eigenvalue below the Fermi surface. This explains the negative value of
the energy. The negative value of τ is also in agreement with the matrix model since now
there is a time delay between a classical trajectory at the Fermi surface and the classical
trajectory below the Fermi surface. Indeed one can easily generalize the results of [4] to
find a precise agreement between the matrix model time delay and (8).
In the quantum description, we must associate with this negative energy solution a
destructor operator. The hole state will then have positive energy and it will couple to
the closed string fields with minus the couplings computed from the deformation (6). We
are now in the position to state precisely our conjecture. The boundary state associated
with a hole in the c = 1 matrix model is obtained by tensoring the (1, 1) Liouville brane
of [9] with minus the “boundary state” associated with the boundary deformation (6).
As an immediate test of this proposal, let us compute the outgoing closed string
tachyon radiation associated with our candidate hole state. If we did not include an extra
minus sign in front of the boundary state, the outgoing radiation associated with the
deformation (6) would take the form [4]
|ψ(τ)〉 ∼ exp

∫ ∞
0
dp√
Ep
a†pA(p)

 |0〉, where A(p) ∼ i exp(iEpτ). (9)
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This works just fine to describe the creation of an eigenvalue [4] since bosonization implies
that the fermion creation operator is
ψ† =: exp(iφ) : . (10)
Now for λ = 1
2
+ iα the time delay τ is negative but this does not change the sign in the
exponent (as can be seen from (9)), so the BCFT (6) is still describing the creation of
an eigenvalue rather then the creation of a hole. The negative time delay τ tells us that
this eigenvalue is below the Fermi surface. Multiplying the boundary state by an overall
minus sign flips the sign of A(p), and gives precisely the bosonization formula for a hole,
ψ =: exp(−iφ) :.
An immediate extension of this result is to consider the (±1
2
+ iα) cosh deformation
in superstring theory. Using the formulae in [8, 11] it is easy to check that the boundary
state is again real, including the RR couplings. The interpretation is that minus this
boundary state describes holes in the cˆ = 1 matrix model [16, 17].
While the motivation to consider the boundary deformation (6) came from the duality
between the matrix model and 2-d string theory, it is very tempting to consider it in
the context of critical string theory. Since as α → ∞ the energy diverges, by taking
large α while keeping gs small but finite the system will collapse to form a Schwarzschild
black hole. So this deformation might teach us something new about the relation between
strings, branes and black holes. It is interesting to note that, much like in the black hole
case, the lifetime associated with our deformation grows with the energy. However, it
grows only logarithmically with the energy. Of course this is just the classical open string
result, which is valid at gs = 0 and hence it is not aware of any black hole physics. It
should be interesting to see whether loop effects will increase that lifetime in such a way
that an agreement will be found at the transition point of [18].
We would like to end with an amusing observation about the supersymmetric case. In
this case f(t) takes a slightly different form [8],
f(t) =
1
1 + et sin2(piλ)
+
1
1 + e−t sin2(piλ)
− 1 . (11)
Notice that now besides λ = ±1
2
+ iα there are two other complex boundary deformations
that yield a real f(t),
iα cosh(t) and iα sinh(t) , α ∈ R . (12)
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These deformation have an interesting physical meaning. Let us focus for example on the
first. In this case we get
f(t) =
1
1− et sinh2(piα)
+
1
1− e−t sinh2(piα)
− 1. (13)
Unlike the deformation (6), that gave a smooth boundary state, now we find that f(t) is
singular at t = ±t0, with t0 = log(sinh
2(piα)). Consider |α| ≪ 1. For |t| > |t0| we see
that f(t) goes to zero while for |t| < t0 it goes to one. Since f = 0 corresponds to the
vacuum and f = 1 corresponds to the creation of the unstable brane, this deformation
describes exactly the configuration considered in [19]. Namely we have an unstable D0-
brane (in, say, 10-d IIB) whose worldline starts on one-half D-instanton, located at the
singular point t = −t0, and ends on an anti one-half D-instanton located at t = +t0. By
considering the RR-fields one can verify that the second deformation in (12) corresponds
to an unstable D0-brane that starts on one-half D-instanton and ends on another one-half
D-instanton. It should be interesting to see if this realization could shed new light on the
somewhat mysterious physics of merons in gauge theories [20].
Note Added: The main observation of the present paper is also made in [17] that has
just appeared on the archive.
Acknowledgements
We thank A. Sen for useful discussions. This material is based upon work supported
by the National Science Foundation under Grant No. PHY 9802484 and PHY-0243680.
Any opinions, findings, and conclusions or recommendations expressed in this material
are those of the author and do not necessarily reflect the views of the National Science
Foundation.
References
[1] J. McGreevy and H. Verlinde, “Strings from tachyons: The c = 1 matrix reloated,”
arXiv:hep-th/0304224.
[2] I. R. Klebanov, “String theory in two-dimensions,” arXiv:hep-th/9108019.
5
[3] P. Ginsparg and G. W. Moore, “Lectures On 2-D Gravity And 2-D String Theory,”
arXiv:hep-th/9304011.
[4] I. R. Klebanov, J. Maldacena and N. Seiberg, “D-brane decay in two-dimensional
string theory,” arXiv:hep-th/0305159.
[5] J. McGreevy, J. Teschner and H. Verlinde, “Classical and quantum D-branes in 2D
string theory,” arXiv:hep-th/0305194.
[6] E. J. Martinec, “The annular report on non-critical string theory,”
arXiv:hep-th/0305148.
[7] S. Y. Alexandrov, V. A. Kazakov and D. Kutasov, “Non-perturbative effects in matrix
models and D-branes,” arXiv:hep-th/0306177.
[8] A. Sen, “Rolling tachyon,” JHEP 0204, 048 (2002) [arXiv:hep-th/0203211]; A. Sen,
“Tachyon matter,” JHEP 0207, 065 (2002) [arXiv:hep-th/0203265].
[9] A. B. Zamolodchikov and A. B. Zamolodchikov, “Liouville field theory on a pseudo-
sphere,” arXiv:hep-th/0101152.
[10] A. Sen, talk at Strings 2003.
[11] A. Maloney, A. Strominger and X. Yin, “S-brane thermodynamics,”
arXiv:hep-th/0302146.
[12] N. Lambert, H. Liu and J. Maldacena, “Closed strings from decaying D-branes,”
arXiv:hep-th/0303139.
[13] D. Gaiotto, N. Itzhaki and L. Rastelli, “Closed strings as imaginary D-branes,”
arXiv:hep-th/0304192.
[14] C. G. Callan, I. R. Klebanov, A. W. Ludwig and J. M. Maldacena, “Exact so-
lution of a boundary conformal field theory,” Nucl. Phys. B 422, 417 (1994)
[arXiv:hep-th/9402113].
[15] J. Polchinski and L. Thorlacius, “Free Fermion Representation Of A Boundary Con-
formal Field Theory,” Phys. Rev. D 50, 622 (1994) [arXiv:hep-th/9404008].
6
[16] T. Takayanagi and N. Toumbas, “A matrix model dual of type 0B string theory in
two dimensions,” arXiv:hep-th/0307083.
[17] M. R. Douglas, I. R. Klebanov, D. Kutasov, J. Maldacena, E. Martinec and N.
Seiberg, “A New Hat for The c=1 Matrix Model”, hep-th/0307195.
[18] G. T. Horowitz and J. Polchinski, “A correspondence principle for black holes and
strings,” Phys. Rev. D 55, 6189 (1997) [arXiv:hep-th/9612146].
[19] N. Drukker, D. J. Gross and N. Itzhaki, “Sphalerons, merons and unstable branes in
AdS,” Phys. Rev. D 62, 086007 (2000) [arXiv:hep-th/0004131].
[20] C. G. Callan, R. F. Dashen and D. J. Gross, “A Mechanism For Quark Confinement,”
Phys. Lett. B 66, 375 (1977); C. G. Callan, R. F. Dashen and D. J. Gross, “Toward
A Theory Of The Strong Interactions,” Phys. Rev. D 17, 2717 (1978).
7
